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In this corrigendum, we retract part of our Corollary 6.6, which was presented

as an immediate and obvious consequence of our main theorem, which showed that

division lies in Dlogtime-uniform TC0.
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1. INTRODUCTION

The main theorem of our earlier paper [4] is the presentation of an algorithm for integer
division that can be implemented in Dlogtime-uniformTC0. We recently became aware that
Corollary 6.6 in [4], which we presented as an immediate corollary of our main theorem,
must be scaled back considerably.

Corollary 6.6 concerns a logic system that was introduced by Johannsen and Pollett [8]
(see also [6]), in the framework of bounded arithmetic. Specifically, Johannsen and Pollett
showed [8] that the bounded arithmetic theoryC0

2 has the property that theΣb
1-definable

functions ofC0
2 are precisely the functions computed by Dlogtime-uniform TC0 circuits.

In a later paper [7], Johannsen augmentedC0
2 with a function symbol÷ for integer division

(along with some axioms stating thatx ÷ 0 = 0 and (x > 0) ⇒ (y ÷ x) · x ≤ y <

((y ÷ x) + 1) · x). He called this new systemC0
2 [div].

Part of Johannsen’s motivation for introducing this system was to gain a better under-
standing of a class known asK introduced by Constable in 1973 [2]. Johannsen showed
[7] that theΣb

1-definable functions ofC0
2 [div] are precisely Constable’s classK.

We are now ready to state Corollary 6.6 of [4] (which is not known to hold):
Corollary 6.6: [Parts 1 and 3 are now retracted.]

1. C0
2 [div] = C0

2 .

2. DLOGTIME-uniform TC0 is equal to Constable’s classK [2].

3. The∆b
1 theorems ofC0

2 do not have Craig-interpolants of polynomial circuit size,
unless the Diffie-Hellman key exchange protocol is insecure.

Part 2 of Corollary 6.6 is easily seen to hold, by following the strategy used by Johannsen
to prove Corollary 5 of [7]. In that proof, Johannsen builds on earlier work of Clote and
Takeuti [1] to (essentially) show that theΣb

1-definable functions ofC0
2 [div] are precisely the

functions computable by Dlogtime-uniform TC0 circuits augmented with gates for integer
division. Since integer division itself is in Dlogtime-uniform TC0 [4], the result is now
immediate from [7, 8]. Thus theΣb

1-definable functions ofC0
2 [div] and theΣb

1-definable
functions ofC0

2 both coincide exactly withK.
However, even though the integer division function isΣb

1-definable inC0
2 , it does not

follow that C0
2 can prove that this function satisfies the defining axiom of division:(x >

0) ⇒ (y ÷ x) · x ≤ y < ((y ÷ x) + 1) · x). Whether this can be proved is explicitly
stated as Open Problem IX.7.6 on page 360 of [3], and is also discussed briefly in [5]. In
order to resolve this question, one would need to show that the algorithm of [4] (or some
other division algorithm) can be formulated and proved correct withinC0

2 . Thus part 1 of
Corollary 6.6 remains very much unsolved.

Part three of Corollary 6.6 similarly is not easily seen to follow from [7] and from the
main theorem of [4]. Thus this seems also to be open. A discussion of related issues can
be found in [9, Chapter 4].
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We thank Emil Jěrábek and Jan Johannsen for helpful comments.

REFERENCES

1. P. Clote and G. Takeuti. First order bounded arithmetic and small Boolean circuit complexity classes. In
Feasible Mathematics II, pp. 154–218. Birkḧauser, 1995.
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5. E. Jěrábek. Root finding with threshold circuits.Theoretical Computer Science, 462:59–69, 2012.

6. J. Johannsen. A bounded arithmetic theory for constant depth threshold circuits. InProc. GÖDEL ’96,
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