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Abstract. This invited Descriptional Complexity of Formal Systems lecture
provides an opportunity to raise awareness of the tight connection that exists
between Kolmogorov Complexity and Circuit Complexity, and to argue that
this connection is useful and interesting. Kolmogorov complexity has been used
to provide examples of complete sets for classes such as EXP and PSPACE that
are fundamentally different than the usual complete sets (in the sense that
they are provably not complete under the usual reducibilities). Furthermore,
there are connections between Kolmogorov complexity and recent approaches
to proving lower bounds on circuit size.
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1 Establishing the Connection

Here’s an outrageous statement that nonetheless contains a lot of truth:
Kolmogorov Complexity is roughly the same thing as Circuit Complexity.

Why is this outrageous? After all, there are certain obvious formal similarities
between Kolmogorov complexity and circuit complexity. Kolmogorov complexity pro-
vides a measure C(x) of the “complexity” of a string x:

C(x) = min{|d| : U(d) = x}

where U is (some fixed choice of) a universal Turing machine. (One appealing aspect
of this definition is the invariance property: it doesn’t really matter which universal
Turing machine one picks, since the resulting measures are within O(1) of each other.
See [11].) In circuit complexity, we study the circuit size required to compute various
functions, leading to the definition

Size(f) = min{Size(D) : D computes f}

where Size(D) is the number of wires in a circuit D, and f is a Boolean function
on n variables, for some n. In both settings, we’re interested in the size of a small

Supported in part by NSF Grant DMS-0652582.



2 E. Allender

“description” (d or D). One minor difference between the two settings is that C assigns
a measure of complexity to a string x, whereas Size assigns a measure of complexity to
a function f – but this “difference” is easily dealt with. For any string x of length m,
let the function fx be the string on m′ = dlog me variables, whose truth table is the
string of length 2m′

whose first m bits are x and whose last m′−m bits are zero. Thus
one can extend the circuit size measure to all of Σ∗, where Size(x) is simply Size(fx).

No, the reason why this is an outrageous statement is because Size(x) is com-
putable, and C(x) is not. The complexity of computing Size(x) has long been of in-
terest in computer science. The Minimum Circuit Size Problem (MCSP) (={(f, i) : f
has a circuit of size i} is obviously in NP, but is not known (and perhaps not believed)
to be NP-complete [8]. It is known that factoring and discrete log lie in BPPMCSP [3].

Given this mismatch (non-computability on one side, and perhaps less complexity
than NP-completeness on the other), how can one possibly claim that circuit complex-
ity and Kolmogorov complexity are the same in any sense? The answer lies in the
following theorem:

Theorem 1. [3] C(x) ≈ SizeH(x), where H is the halting problem.

(A note on notation: For an oracle A, SizeA(x) measures the size of the smallest
oracle circuit computing fx. I am using the notation f ≈ g to mean that f and g are
polynomially related.)

This does establish a connection – but is it an interesting connection?

2 How “useful” is Kolmogorov complexity?

As a first attempt to claim that this is a useful connection, let us first observe that it is
frequently felt to be a “defect” of Kolmogorov complexity that it is not computable. For
example, there are many examples of applications of Kolmogorov complexity theory to
real-world computing problems (such as [7], to pick one example) where Kolmogorov
complexity is used to provide a theoretical justification for why a given approach
should work, and then a gross approximation to Kolmogorov complexity is used, since
C(x) itself is not computable. But is there any indication that having access to the
Kolmogorov complexity function would actually allow us to do anything interesting in
a reasonable amount of time that we cannot already do?

Let us provide some definitions, and then re-state this question more formally. Let
RC be the set {x : C(x) ≥ |x|}. Of course, RC is not computable, and thus PRC

contains some noncomputable sets. But what decidable sets are in PRC? Is RC NP-
hard? I’ll allow you to ponder this question for a few paragraphs before I tell you the
answer.

Since RC is undecidable, one naturally expects that there is a reduction from H
to RC. It is an easy exercise to convince yourself that there is no many-one reduction
from H to either RC or to its complement. For many years, there was no time-bounded
Turing reduction known at all, but then in the mid-90’s Kummer showed that there is a
disjunctive truth-table reduction from H to RC that is computable in some computable
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time bound t [9]. How “efficient” is this reduction? Provably, no such disjunctive truth-
table reduction can be performed in less than exponential time [2], and in fact, the
run-time of such a reduction provably depends on which universal Turing machine one
picks to define the Kolmogorov function C [2]. For some choices, the run-time of the
reduction must exceed Ackerman’s function. Clearly, such reductions are not of much
use in determining what decidable sets are in PRC .

These remarks apply only to disjunctive truth-table reductions. It remains an open
question whether H ∈ PRC (and it is also open whether the answer depends on the
choice of universal Turing machine).

I’ve kept you in suspense long enough, about whether RC is NP-hard. Here’s the
answer:

Theorem 2. [3, 2] The following hold for all choices of universal Turing machine:

• PSPACE ⊆ PRC .

• NEXP ⊆ NPRC .

I’d be very interested to know if PRC contains any larger complexity classes. This
question is discussed further in [2].

I’m not aware of any simple direct proof of these inclusions. The proofs given in
[3, 2] make crucial use of the connection between Kolmogorov complexity and circuit
complexity, and are fairly intuitive if one is allowed to make free use of some heavy ma-
chinery from the theory of derandomization and interactive proofs. Similar techniques
allow one to show that there is a P/poly reduction from H to RC [3]; it would be
very interesting to know if nonuniformity is essential, in order to present a “feasible”
reduction.

This is exhibit number 1 in my argument that the connection between Kolmogorov
complexity and circuit complexity is interesting. My argument continues in the next
section.

3 Time-Bounded Kolmogorov Complexity

The “standard” way to define time-bounded Kolmogorov complexity is to use some
variant of the following definition: Let t be a computable time bound. Define Ct(x)
to be min{|d| : U(d) = x in time t}.

One problem with this definition is that there is no invariance theorem; changing
the choice of universal Turing machine U can result in drastic changes to the value
of Ct(x). The usual way that people try to side-step this problem is to observe that
if U and U ′ are two different “efficient” universal Turing machines, then there is a
time bound t′ not much larger than t such that Ct

U (x) is bounded from below by
Ct′

U ′(x)−O(1) (but this ignores the fact that Ct′
U ′(x) may be much smaller).

Another problem with this definition (from my point of view) is that I am aware
of no nice way to connect this definition to circuit complexity.
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Fortunately, there is another approach to time-bounded Kolmogorov complexity.
Levin introduced the following function [10]:

Kt(x) = min{|d|+ log t : U(d) = x in time t}.
One advantage of Levin’s definition is that there is an invariance theorem: changing
the choice of universal Turing machine changes Kt(x) by at most O(log |x|). The mo-
tivation for this particular way of combining run-time and description length is that a
provably optimal strategy for looking for accepting computations of a nondeterministic
Turing machine involves searching in order of increasing Kt complexity.

There is also a pleasant connection between Kt complexity and circuit complexity:

Theorem 3. [3] Let A be complete for E = Dtime(2O(n)). Then Kt(x) ≈ SizeA(x).

The complexity of the set of strings having high Kt complexity raises some irritating
questions. Let RKt denote the set of strings x such that Kt(x) ≥ |x|. On the one hand,
it seems to be clear that RKt is intractible:

Theorem 4. [3] EXP = NPRKt , and RKt is complete for EXP under P/poly reduc-
tions. (RKt is not complete for EXP under polynomial-time many-one or polynomial-
time truth-table reductions, and thus is a fairly “natural” example of a set that is
complete under more powerful reductions but not under the most commonly-studied
reductions.))

On the other hand, the question of whether RKt is in P is still open! It is also unknown
if RKt is complete under polynomial-time Turing reductions.

Thus far, I have presented two connections between variants of Kolmogorov com-
plexity and oracle circuit size. It is time to get rid of the oracles.

4 Oracle-free Circuit Size

The additive log term in the definition of Kt(x) (minimizing |d| + log t looks odd at
first glance. What would happen if one were to replace log t with some other function
of t? Note that the running time of any machine that outputs x will always be at least
|x|, and thus defining the complexity of x in terms of minimizing |d| + t would result
in every string x having “complexity” at least |x|, leading to a definition of dubious
utility.

This problem can be avoided by re-defining what it means for a description to
“describe” a string. A string d is a perfectly good “description” of x if, given d, one
can compute each bit of x. This leads to the following re-definitions of C and of Kt:

C(x) = min{|d| : ∀i ≤ |x|+ 1 ∀b ∈ {0, 1, ∗}, U(d, i, b) = 1 ⇐⇒ b = xi}.
Kt(x) = min{|d|+log t : ∀i ≤ |x|+1 ∀b ∈ {0, 1, ∗}, U(d, i, b) = 1 ⇐⇒ b = xi in time t}.
In these definitions, we consider xi = ∗ for i > |x|. The reader can verify that these
definitions do not differ from the earlier definitions in any essential way. However, the
run-time of U can now be much less than |x|.
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This allows one to investigate some variants of Kt. The following definition was
introduced in [3]:

KT(x) = min{|d| + t : ∀i ≤ |x|+ 1 ∀b ∈ {0, 1, ∗}, U(d, i, b) = 1 ⇐⇒ b = xi in time t}.

The following theorem provides motivation for studying KT.

Theorem 5. [3] KT(x) ≈ Size(x).

In case you still need evidence that the connection between circuit complexity and
Kolmogorov complexity is interesting, let me mention that this connection played a
central role in the proof that factoring BPP-reduces to MCSP [3].

Of course, circuit size is not the only meaningful and interesting measure of the
complexity of a function. Much has been written about the formula size complexity and
branching program size complexity of functions. These measures can also be viewed
through the lens of Kolmogorov complexity. Consider the following two definitions
that were introduced in [4]:

KB(x) = min{|d|+2s : ∀i ≤ |x|+1 ∀b ∈ {0, 1, ∗}, U(d, i, b) = 1 ⇐⇒ b = xi in space s}.

KF(x) = min{|d|+2t : ∀i ≤ |x|+1 ∀b ∈ {0, 1, ∗}, U ′(d, i, b) = 1 ⇐⇒ b = xi in time t}.
In the definition of KF, U ′ is an alternating universal Turing machine.

Theorem 6. [4] KF(x) ≈ Formula-Size(fx).
KB(x) ≈ Branching-Program-Size(fx).

It is also possible to draw relationships to the depth-k threshold circuit size of a
function, by formulating similar definitions in terms of the “threshold” Turing machines
of Parberry and Schnitger [13].

5 Prospects for Lower Bounds in Circuit Complexity

There has been a great deal of pessimism about the likelihood of anyone making
significant new progress in circuit complexity. Much of this pessimism can be traced to
the fact that there has been very little progress on separating circuit complexity classes
in the two decades that have passed since the work of Razborov [15] and Smolensky
[16]. An additional factor is that Razborov and Rudich identified some significant
obstacles that must be overcome before circuit lower bounds can be proved, in their
work on “Natural Proofs” [14].

Here is an informal overview of the Natural Proofs framework, framed in terms of
Kolmogorov complexity. Razborov and Rudich analyzed existing lower bound argu-
ments, and observed that a proof that a function f is “hard” can typically be cast in
terms of presenting some property Q that f has that is shared by no “simple” function
(i.e., by no function in a small circuit class). In order to present such an argument,
the property Q will typically be “constructive” (i.e., given a truth table of a function
g, it should be “easy” to figure out if g has property Q). Since the proof relies on
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showing that some “hard” functions have property Q, it is typically going to be the
case that Q is “large” in the sense that a large fraction of the truth tables of a given
size have property Q (since most functions are “hard”). A “Natural Proof” is one that
proceeds by presenting a large, constructive property Q. Razborov and Rudich show
that if there is a large constructive property Q that one can use to prove lower bounds
against a circuit class C (Razborov and Rudich call this being “useful against C)”, then
C is too weak to compute pseudorandom function generators. Since there are pseu-
dorandom generators computable in TC0 that are secure if factoring Blum integers is
hard [12], this means that no “natural proof” can prove lower bounds against TC0 if
popular cryptographic assumptions hold.

What does this have to do with Kolmogorov complexity?
Recall that truth tables with small circuit complexity have small KT complexity.

(For small circuit complexity classes such as L/poly, NC1, or TC0, one might want to
consider other Kolmogorov measures such as KB and KF or other variants.) Thus a
large combinatorial property Q that is useful against C is simply a set that contains
many strings, but no string of small complexity. RKt and RKT are canonical examples
of such sets. Pseudorandom generators, by definition, are efficient algorithms that
take short inputs and produce long outputs. Thus the strings output by a pseudoran-
dom generator have small time-bounded Kolmogorov complexity. If there is a large
constructive combinatorial property that is useful against C (for instance, if RKT is
in P/poly), then there is an efficient test to distinguish pseudorandom strings from
random strings, and thus the generator cannot be secure. This is a high-level view of
the Razborov-Rudich argument. A more detailed discussion along these lines can be
found in [5]. Related observations (not phrased in terms of Kolmogorov complexity)
can be found in [8].

Recently it was observed that if some of the standard complete problems for NC1

are in TC0, then they have TC0 circuits of size n1+c for every c > 0 [6]. This observation
follows from the fact that these problems have a very strong self-reducibility property:
there are linear-size AC0-Turing reductions that solve the problem on instances of
size n, asking queries only to instances of size nε. The authors speculate [6, 1] that
this could provide an avenue for formulating proofs that avoid the pitfalls inherent in
any “natural” proof that were identified by Razborov and Rudich [14]. Namely, there
seems to be no reason why a natural proof cannot prove a lower bound of n1.5 for the
size constant-depth threshold circuits computing a complete language for NC1. But by
[6], this is sufficient to obtain a superpolynomial lower bound and separate NC1 from
TC0. This would not be a “natural” proof, since very few functions have the strong
self-reducibility property (i.e., the truth table of such a function has small Kolmogorov
complexity), and thus this would not give rise to a “large” combinatorial property Q.

6 Conclusions

There are other ways of drawing meaningful connections between Kolmogorov com-
plexity and circuit complexity, and I cannot pretend that this lecture does more than
survey some aspects of this connection in which I have been personally involved, and
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which I am glad to have the opportunity to share with you. Many more connections
remain to be explored. If time permits, the lecture will also discuss some specula-
tive approaches involving Kolmogorov complexity, in order to address the question of
whether NEXP has polynomial-size depth-three threshold circuits.
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